YEAR 13 FURTHER MECHANICS - FURTHER CENTRES OF MASS - LESSON 2 OF 7 - WORKSHEET ANSWERS

Solids of Revolution by Integration

Specification: AQA 7367: ME4 (solids of revolution by integration) - Edexcel 9FMO: FM2 Further centres of mass (uniform and non-

uniform solids of revolution)

Youdo

A - By integration V = [rty? dx, then X = [rixy? dx + V. Square y first.

The region undery =2x fromx=0tox=3is
rotated about the x-axis. Find x of the solid cone.
y? = 4x%: V= [24m® dx = 36n

square y; volume

- picture: G, % of the way from O

(Jyamc® dx = 81, % - 81+ 36m = 9/4 (= %h ) |

frixy? dx = V

The region undery=1/xfromx=1tox=3is
rotated about the x-axis. Find x exactly.
V= ﬁnx‘z dx = T[[—x_l]f =2n/3 y? = x72 volume

picture: G

(Jime? de=nn3, ¥=nin3+ (v/3) = (3/2)In3-165 |

[1/xdx =Inx; +V

The region under y = x* from x = 0 to x = 1 is rotated
about the x-axis. Find X.
V= Iénx“ dx =m/5

y? = x* volume

picture: G

(Jome ax=n/6,2= (/6)+ (n/5) =5/6 | e

The region undery=+v/(x+1) fromx=0tox =3 is
rotated about the x-axis. Find x.
V=x+1V= Izn(x +1)dx=m(9/2 + 3) =151/2

volume

picture: G

([onte? + %) dx=n(9+9/2) = 27n/2, k= 21/15 - 9/5 |
frixy? dx = V
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B - Frustums, composites, hanging and
density =r+d.
The regionundery=1+Yoxfromx=0tox=4is
rotated about the x-axis to form a frustum. Find the
distance of its centre of mass from the smaller
face.
VP =1+x+%x*V=n(4+8+16/3) =52n/3
expand y?; volume

Jam(x+ X2 + Vax®) dx = (8 + 64/3 +16) =1361/3  frixy* e

picture: G

The solid cone formed by rotatingy =x, 0<x< 3,
about the x-axis has density p = kx, where x is the
distance from the vertex O. Find the distance of its
centre of mass from O.

Mass = k[ 3x - x* dx = k[ ax*]3 = 81k /4
Moment = nkng“ dx = 243nk/5

mass = [rpy? dx

moment = [rpxy? dx

picture: G nearer the denser base

[x‘ =(243/5) + (81/4) =12/5 = 2.4 from O (uniform: 2.25) J

+ mass

Composite: each part's V and X, then ZVx + ZV. Hanging from a rim: tan 6

e The solid of Explore Q1 (V =8, ¥ =8/3) has a
uniform cylinder of radius 2 and length 2 fixed to
its plane face: it runs fromx=0to x = 6.
(a) Find x.
(b) The solid is freely suspended from a point on
the rim of its end face at x = 6. Find the angle
between its axis and the vertical.
(a) Cylinder: V=8matx=5
\%4 X Vx
paraboloid 8m @ 8/3  64m/3

cylinder: V and centre

table: V, x, Vx
cylinder 8n 5 40n
X 16m 184m/3
(%= (184n/3) + 167 = 23/6 = 383 | SVx + 3V
picture: G
(b) d=6-23/6=13/6,r=2:
tan0=2+ (13/6) =12/13, 0 = 42.7°
tan6=r+d

picture: © = 42.7° (hanging from the rim)

The solid of Explore Q1 (V=8m, x=8/3) has a
uniform hemisphere of radius 2 fixed to its plane
face: it runs from x=0to x = 6. Find x.
Hemisphere: V=16n/3, centre 4 + 3/4=19/4
hemisphere: 3r/8 beyond the face

\%4 X Vx
paraboloid 81 8/3 6411/3

table: V, x, Vx
hemisphere = 16n/3 @ 19/4 @ 76m/3
> 40m/3 140mn/3
picture: G
[x-=140/40=7/2=3.5} Uk s 3V

VLE Tutors - Free resources at vletutors.co.uk/resources


https://vletutors.co.uk/resources/

The region undery =x* fromx=0tox=a s
rotated about the x-axis. The centre of mass of the
solid is 5 from O. Find a.

V= I;nx“ dx = nas /5, L“,HXS dx =mad/6

V and [mixy? dx in terms of a

(x'=5a/6=5,soa=6] solvex =5
C - Reasoning No calculator. Explain in words.
The region under y = x> fromx=-1tox=1is A pupil says: "Stretching the region by scale factor
rotated about the x-axis. Without integrating, write 3 parallel to the y-axis moves the centre of mass of
down x. Explain. the solid of revolution." True or false? Explain.
y* = x* takes the same value at x and -x: discs at +x are Every y* is multiplied by 9, so Jny* dx and [mxy* dx are
equal. both x 9.
equal discs either side both integrals x 9
[The ratio is unchanged: x stays the same (and y = 0). J
False.

ratio unchanged

picture: symmetric about x = 0

( The solid is symmetric about the plane x =0, so x=0. ]

symmetry

@ A solid cone and a triangular lamina have the
same cross-section through the axis (height h).
The cone's G is h/4 from its base; the triangle's is
h/3. Explain why the cone's G is nearer the base.
A strip of the lamina has mass « y; a disc of the cone

has mass « y%.
strips « y, discs « y?

Near the base y is large, so squaring gives the base

end even more of the mass: G moves towards the
base.

wide end weighs more
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D - Show that Keep p and mtin a proof. Show every integral.

A uniform frustum of density p is formed by
rotating y =r(1+ x/h), 0 < x < h, about the x-axis
(radii r and 2r). Show that its centre of mass is %
from its larger face.
Let t =x/h (dx = h dt): mass
= pnrthé(l +t)2dt = prr*h x 7/3
substitute t = x/h; mass
Moment = pnrthIét(l +t)2 dt = pnr*h?(Ya + % + Ya)
= pnr*h? x 17/12

moment = prifxy? dx

picture: G, 11h/28 from the larger face
[x'= (17/12)h + (7/3) =17h/28 from the smaller face, so }

h -17h/28 = 11h/28 from the larger face

+ mass; from the other end

G The region under y = ex from x = 0 to x = 1 is rotated
about the x-axis. Show that x = #.
2(e* -1)
V= Iéﬂezx dx = Yem(e? - 1)
By parts: Iénxezx dx = [ Vaxe?s - Vue?x]; = Yam(e? +1)
integration by parts

volume

picture: G

e’+1

[x‘= Vu(e® +1) + Ve(e? - 1) = 20e2-1)

= 0.657] +V

m The region undery=x" (n>0) fromx=0tox=1is
2n+1

rotated about the x-axis. Show that x = .
2n+2

Check your result for n =1 (a cone).
V= [bonde=n/(2n+ 1), [Lodt dx = /(20 + 2)

power rule

g n/(2n+2)  2n+1 -y
T n/(2n+1)  2n+2 '

n=1.x=3/4,i.e. 3h/4 from the vertex v check: cone
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E - Exam-style question Show your method: marks are for working.

G The region bounded by the curve y* = 3x (y > 0), the x-axis and the line x = 3 is rotated through 2m about the x-
axis to form a uniform solid paraboloid P with its vertex at O.
(a) Show that the volume of P is 27m/2. [2 marks]
(b) Show that the centre of mass of P is 2 from O. [2 marks]
(c) A uniform cylinder of the same material, radius 3 and length 2, is fixed to the plane face of P, so the
combined solid runs from x = 0 to x = 5. Find the distance of its centre of mass from O. [2 marks]

(d) The combined solid hangs freely from a point A on the rim of the cylinder's free end. Find the angle
between its axis and the vertical. [2 marks]

(a) V= 1337'[)( dx @D volume: mify? dx
= T[[(3/2)x2]g =271/2 D evaluate
(b) [33mx® dx = n[x*]} = 27n QD) frixy? dx
X=27n+(27n/2) =2 D +V
(c) Cylinder: V=9nx2=18natx =4, Vx =72m; P: Vx = (2711/2) x 2 = 271: X = (271t + 72n) + (271/2 + 18n) (D SVx + 3V
=99m + (63n/2) =22/7 = 3.14 (close to m, by chance) (XD simplify
(d) Thefreeendisatx=5:d=5-22/7=13/7,r=3:tan 0 =3+ (13/7) = 21/13 @D tan®=r=+d
0=58.2° €D 1d.p.

picture: 6 = 58.2° (hanging from A)
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