YEAR 12 FURTHER PURE - VECTORS - LESSON 5 OF 6 - WORKSHEET ANSWERS

Intersecting, Parallel or Skew Lines

Specification: AQA 7366/7367: F1- Edexcel 9FMO: Core Pure 6.5

Youdo

A - Lines that meet Write the three equations, solve two, check the third, then substitute.

=g ffror= (] o}

Show that they intersect, and find the point.

1 3
Directions (1) and (1) are not multiples, so the lines are
2 1

not parallel.
compare the directions

x:1+A=5+3u=>A-3p=4(Q1)
V:i2+A=4+p=>A-p=2(2)

components equal: A, i

Z:20=3+pu (3)

2)-1):2u=-2=>p=-1 subtract: A cancels
MD:A-3(-1)=4=>A=1 substitute: find A
3):2(1)=2,3-1=2 v check the third: v

[ 1\ (1, [2
r= (2) + (1) = (3): they meet at (2,3,2) J
0 2 2

substitute A: the point
\32)/

picture: they meet at the point

lir=(@{+Kk)+A>i-j+2k)and
r=(3i-5j +2Kk) + p(j + k).
Show that they intersect, and find the point.

1 0
Directions (—1) and (1) are not multiples, so the lines are
2 1

not parallel.
compare the directions

x1+A=3=>A=2()
Vi-A=-5+pu=>A+pu=5()
z:1+2A =2+ (3)
(2):2+p=5=>p=3 substitute: find
(3): 1+2(2) 52+3=5v check the third: v

3
) (—2): they meet at (3, -2, 5)]
5

substitute A: the point

components equal: A, i

1

\/
N

picture: they meet at the point

£ {14

Show that they intersect, and find the point.

2 1
Directions (—1) and (2) are not multiples, so the lines
1 -3
are not parallel.
compare the directions

X2A=~4+pu=>2A-p=-4(1)
V:3-A=2u=>A+2u=3(2)
z:-1+A=4-3u(3)
2x(1)+(2):5A=-5=>A=-1
D:2(-1)-p=-4>p=2

-1-1=-2,4-3(2)=-2 check the third: v
()

1

( ) ( )theymeetat(24 Z)J

substitute A: the point

components equal: A, Y

add: p cancels

substitute: find p

(-2,4,-2)

L L

picture: they meet at the point

T

Show that they intersect, and find the point.

-1 2
Directions (2) and (1) are not multiples, so the lines
3 -1
are not parallel.
compare the directions

X4-A=7+2u=>A+2u=-3(1)
V:i-2+20=2+p=>2A-pu=4(2)
z21+3A=2-p(3)

1) +2x(2):5A=5=>A=1
(2):21) -p=4>p=-2 substitute: find
3):1+3(1)=4,2+2=4 v check the third: v

{ 4\ (-1\ (3
r= (—2) + (2) = (0): they meet at (3,0, 4)]
1 3 4

substitute A: the point

components equal: A\, y

add: p cancels

1 12

N
N

picture: they meet at the point
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B - Meet or skew? The third equation decides.

B 1 1 0 2
Iir=(1]|+A 2 |andL:r={2]+p/ 1]
1 -1 1 1

Intersect or skew? If they meet, find the point.

1 2
Directions (2) and (1) are not multiples, so the lines are
-1 1
not parallel.
compare the directions

x1+A=2u=>A-2u=-1(1)
V:l+20=2+pu=>2A-p=1(2)
z21-A=1+p(3)
2x(2)-1):3A=3=>A=1
(2):20)-p=1>p-=1
(3):1-1=0,1+1=2,0=2

(3) is not true, so there is no common point. Not

parallel and no common point: the lines are skew.

components equal: A, i

subtract: u cancels
substitute: find p
check the third: #

# and not parallel: skew

picture: skew, one passes over the other

0 3 4 1
lLir=(1|+ANo|andl:r={0|+p|-1]|
2 1 2 2

Intersect or skew? If they meet, find the point.

3 1
Directions (O) and (—1) are not multiples, so the lines are
1 2

not parallel.
compare the directions

X:3A=4+p=>3A-p=4(Q)
yil=-p=>p=-1(2)
Z:2+A=2+2u(3)
1):3A+1=4=>A=1
(3):2+1=3,2+2(-1)=0,3=0
[ (3) is not true, so there is no common point. Not
parallel and no common point: the lines are skew.

components equal: A, i

substitute: find A
check the third: #

# and not parallel: skew

picture: skew, one passes over the other

B 2 1 -1 1
lir={0|+AN-2|andl:r=| 0 |+p| 1]
-3 4 -3 -2

Intersect or skew? If they meet, find the point.

1 1
Directions (—2) and ( 1) are not multiples, so the lines
4 -2
are not parallel.
compare the directions

X:2+A=-1+p=>A-p=-3(Q)
Vi-20=p=>2A+pu=0(2)
z:-3+4A=-3-2p(3)

(1 +(2):3A=-3=>A=-1
1D:-1-p=-3>p=2
3):-3+4(-1)=-7,-3-2(2)=-7 v check the third: v

[ 2 1 1
r=(0) —(—2) = (2):they meet at (1,2,—7)J
-3 4 -7

substitute A: the point

components equal: A, Y

add: p cancels

substitute: find p

(1’ 21 _7)

lz \ / ll
/’\
picture: they meet at the point

1 1 .
B 11:r=(1)+)\(—1)and12: X21 =u=3—z.

3
0 1
Intersect or skew? If they meet, find the point.

z-3 . . . 2
3 ; L, point (1, -4, 3), direction | 3 |; nota

3-z=

-1
1
multiple of [ -1], so not parallel
1

rewrite; point and direction
x:1+A=1+2u=>A-2p=0(1)
yil-A=-4+3p=>A+3p=5(2)
Z2A=3-p(3)
(2)-Q):5u=5=>p=1
M:A-21)=0=>A=2 substitute: find A
(3):2=2,3-1=2v check the third: v

1 1 3
r=(1|+2(-1|=(-1|:they meetat (3,-1,2)
0 1 2
substitute A: the point
| 1
2 \(:‘},—V 1

components equal: A, p

subtract: A cancels

()

picture: they meet at the point
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C - Parallel, the same line, intersecting or skew Compare the directions first.

a 1 2 3 -4
lLir=(2|+A{-1|and L:r=[0|+pl 2 |
3 4 5 -8

Parallel, the same line, intersecting or skew?

-8 4
are parallel. Is (3,0,5) on I,?

-4 2
(2) = —2(—1): the directions are multiples, so the lines

multiple = parallel

x:1+2A=3=>A=1 x: find A

y:2-A=0=>A=2,notl y: different A
1

z:3+47\=5=>)\=3,n0t1 z: different A

(3,0,5) is not on 1;: parallel with no common point, so
the lines are parallel and never meet.

parallel, no common point

picture: parallel, never meet

2+ 1 and 1 X6

m llzx—2=yT_1=

Parallel, the same line, intersecting or skew?

=y-4=z-1

1
l,: point (2,1, -1), direction 2) Cartesian: point, direction
-1
3 1
l,: point (6, 4,1), direction [ 1 |; not a multiple of | 2 |, so
1 -

not parallel
Cartesian: point, direction
X:2+A=6+3u=>A-3u=4(Q)
Vil+20 =4+ pu=>2A-p=3(2)
z.-1-A=1+pu(3)
(2)-2x(Q):5pu=-5=>p=-1
@O:A-3(-)=4>Ar=1
3):-1-1=-2,1-1=0,-2=0

[ (3) is not true, so there is no common point. Not J

components equal: A, p

subtract: A cancels
substitute: find A
check the third: #

parallel and no common point: the lines are skew.

# and not parallel: skew

picture: skew, one passes over the other

m -1 _ y+2 z-4 7 6
1: X = = dlyr={-4|+pl-2].
) -1 g andh ( ) ”( )

8 4
Parallel, the same line, intersecting or skew?
3
l,;: point (1, -2, 4), direction (—1) Cartesian: point, direction
2

6 3
(—2) = 2(—1): the directions are multiples, so the lines are
4 2

parallel. Is (7,-4,8) on 1,?

multiple = parallel

X1+3A=7=>A=2 x: find A
Vi-2-A=-4=>A=2 v y: same A
Z24+20=8>A=2 v z: same A

(7,-4,8) is on [, too: parallel with a common point, so
they are the same line.

parallel + common point: same

I,

picture: the same line

l;r=(3i-j+2Kk)+A@{ - 2Kk) and
Lyr=(3i-3j+4k) + p(-i+j + k).
Parallel, the same line, intersecting or skew?

1 -1
Directions (0) and (1) are not multiples, so the lines
-2 1

are not parallel.

compare the directions
x:3+A=3-p=>A+p=0(1)
y:-1=-3+p=>p=2(2)
7:2-2 =4+ p(3)
1):A+2=0>A=-2
3):2-2(-2)=6,4+2=6 v check the third: v

{ 3 1 1
r= (—l) - 2( 0 ) = (—1): they meet at (1, -1,6) J
2 -2 6

substitute A: the point

components equal: A, p

substitute: find A

a,-1,6)

L / \ L

picture: they meet at the point
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D - Unknowns, angles and axes Solve the two equations without the unknown first.

m 1 2 1 1
lir=(k|+A{ 1 |andL:r={2 | +p|-1]intersect.
2 -1 -1 1

Find k and the point.

Directions (%) and (—11) are not multiples, so the lines
-1 1

are not parallel.

compare the directions
x1+20=1+p=>2A-p=0(1)
Vik+A=2-p(2)
z:2-A=-1+pu=>A+pu=3(3)
a ) 3):3A=3=>A=1
(1):21) -p=0=p=2
(2) k+1=2-2=>k=-1

1 2 3
r=(-1|+|1 0 |: they meet at (3,0,1)
2 1 1
picture: they meet at the point

E Show that the liner = ( ) ( ) meets the z-

axis, and find where.

The z-axis is r = pk: every point has x =0,y = 0.
z-axis:x =0,y =0

components equal: A, i

add: p cancels
substitute: find p

third equation gives k

substitute A: the point

X:2+A=0=>A=-2 x: find A

Vi-4-2A=-4+4=0v y:same A v
z =1+ 3(-2) = -5: the line meets the z-axis at

[ (0,0, -5) J

z: the point

(0,0, -5) Z-axis

picture: the line meets the z-axis

Dore(3) o siee=(3) o[ 1)

(a) Show that they intersect.

(b) Find the acute angle between them.
(@) x:A=3+2u=>A-2u=3(1)
Vil1-20=p=>2A+p=1(2)
z:-1+2A=-1-2p(3)
1) +2x(2):5A=5=>A=1
(2):20) +p=1=>p=-1
3):-1+2(1)=1,-1-2(-1)=1v

[AII three equations hold (A =1, p = -1), so the lines }

components equal: \, y

add: p cancels
substitute: find p
check the third: v

meet.

all three hold: they meet

(b) d,-d,=2-2-4=-4,|d,|=3,|d,| =3
directions: dy-d,, |d4|, |da|

modulus; inverse cos

e PPN
[COSG—W,9—63.6

63.6°

L L

x-3

1

ml. > =y_k=Z+

picture: they meet; the angle
intersect. Find k and the point.

K

1,: point (3, k, -1), direction ( 1) Cartesian: point, direction
-2
X:3+2A=3+p=>2A-u=0()
V:k+A=3+p(2)
z.-1-20=3+p=>2A+p=-4(3)
M +@3):4h=-43A=-1
1):2(-1) ~p=0=>p=-2
(2):k-1=3-2=>k=2

{ 3 2\ (1
r=(2) —(1) =(1):theymeetat (1,1,1)J
-1 -2 1

substitute A: the point

components equal: A, p

add: p cancels
substitute: find p

third equation gives k

L,

1,1,1)

picture: they meet at the point
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E - Exam-style question Show your method: marks are for working.
The lines I, and 1, have equations

1 2 4 1
li:r= —3)+7\ 1)and12:r= S|+l 4|
2 -2 6 -8

(a) Show that I, and I, are not parallel. [1 mark]
(b) Show that I, and L, intersect, and find the coordinates of the point of intersection. [4 marks]
(c) Find the acute angle between I, and 1,, giving your answer to the nearest 0.1°. [3 marks]

1 2
(a) (4) is not a multiple of ( 1 ) (the x-components give Y2, the y-components 4), so not parallel. (D
_8 —
directions not multiples
(b) 20— p=31),A-4p=-2(2),2-2A=6-8u (3) (DD components equal
D-2x@2):7u=7p=1,1=2 (D solve (1) and (2)
(3):2-4=-2,6-8=-2 v, sotheyintersectat (5,-1,-2) 3 check (3); substitute
(c) d,-d,=2+4+16=22 D scalar product of directions
g2 _2 g -
A PR ol = 3, la| =9
0=354° D inverse cos, 1d.p.
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