YEAR 13 PURE - NUMERICAL METHODS - LESSON 2 OF 7 - WORKSHEET ANSWERS
Iteration

Specification: AQA 7357: 12 - Edexcel 9MAOQ: 9.2

Youdo

A - Iterating Find x,, x, and x, to 4 decimal places.

nxn+1=\3/xn+4rxozl axn+1=3—lnxn,x0=2
X, = V1+4 =17100 substitute Xo x;=3-1n2=23069 substitute X,
Xy = L7874, x; =1.7954 ANS key: full value Xy = 21641, x4 = 2.2280 ANS key: full value
)4 14
o A 4
TSN
A
v=x |
: X : X
X, X, X, X, X, X, X,
converges converges: up and down
. . = + =
a Xp,=1+ 1 cos x,, (xp, in radians), x, =1 n X1 =00, +5), =2
2 x,=1n(2 + 5) =1.9459 substitute X,
1 _ _ .
x,=1+ - cos1=12702 substitute x, (radians)  Xp = 19382, X3 =1.9370 ANS key: full value
X, = 11481, x4 =1.2051 ANS key (radians) 4
)4
a 4
T~
A o
A
X
V=X : X X Xy
! : X converges
Xl’l x2 X"& xl

converges: up and down
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8. 3., B @ use X,.,=v10 - 2x, with x, = 2 to complete the
n+l"

1 XO -
table (4 d.p.).
12+3 b) Describe how the values approach the root.
X = i = (0.8000 substitute Xo ( ) PP
X, = 0.7280, X, = 0.7060 ANS key: ful value o I O S I
4 X, 2 | 18171 | 1.8533 | 1.8463 @ 18476
(a) X = \?710 -2x2=18171 substitute xo
Carry on with the ANS key (click the cells to check x,, x,,
X,).

ANS key: full value

closer each time: they converge to 1.8474.

converges: up and down

{(b) The values go below, above, below, ... and get }

X, X, X,

converges

converges: up and down

B - Rearranging Show that each equation can be written in the form given.

3 X — = = -
x3—7x+3=0asx=x7+3 ae+3x 6=0asx=1In(6-3x),x<2

e*=6-3x 3x and 6 to the right
Tx=x3+3 7x to one side
x=1In(6 - 3x) (needs 6 -3x>0, so x<2)
3
X = X 7+ 3 +7 take In of both sides
14
2.398
V=X
(14
V=X
. X
" 0.441 5 X o
[¢] y = x meets y = g(x) at the root

y = x meets y = g(x) at the roots
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3
ax3+2x2—9=0asx= x>0
Vx+2
X2(X+2) =9 factorise x?
9
2 _ N
X =372 = (x +2)
X 3 t 0
= X >
Tx+2 square root: x
14
o
V=X
X
(0]

y = x meets y = g(x) at the root

C - Reasoning Explain fully. Q11 and Q12: no calculator.

(a) Find x, as a fraction.
(b) The iterates converge to a. Show thata®> =5
and write down the exact value of a.

1 5 1 9 9

(a) X = ?(2 + 7) = E X 3 = Z substitute Xo
1 -

(b) a=7(0{+—) limit: o = g(a)
5 5 9

0=+ —=>a=—=>a =5 rearrange
a a

positive root

14
[ tb_{s

converges to v5

) ©-2-4=0es

(a)x=2+i2
X
2
b) x= ,X>2
(b) Vx-2
(a) X3 =22 +4 2x2 and 4 to the right
4 2
{x—2+7(x¢0)} +X
(b) x*(x-2) =4 factorise x2
4
X’ = (x=2) s (x-2)
x-2
2 2
= s
X Tx-2 square root: x
4

(@):y =xmeetsy =2+ 4/x*

m xn+1=4—xi,xo=2.

n

(a) Find x; and x,.

(b) The iterates converge to a. Show that
o - 4a+3=0.

(c) Solve this equation. Which solution is a?

substitute xq

3
(a) x,=4- 5 =25

X,=4- o= =4-12=28

3 )
substitute x,
3 2 2
(b) a=4—; Sa°=4a-3>a" -4a+3=0
limit: o = g(a)
(c) (a-1)(a-3)=0=>a=1ora=3
[The values 2, 2.5, 2.8, ... are increasing past 2, }

factorise

towards 3: a=3.

which root?

x() xl XZ
converges to 3, not 1
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Xp.1=V7-4x,.

(a) Explain why x, = 2 cannot be used.

(b) With x, =1, find x;, X, Xs.

(c) What happens when you try to find x,?

(@) x,=V7-4x2= V'-1: not a real number.
v of a negative

(b) x,=vV7-4x1=17321
X, = 0.2679, x; = 2.4348

substitute X0
ANS key: full value

(c) x,=V7-4x24348... =+/-2.7392...: not real. The
values jumped further and further from the root, and
the iteration fails.

fails: v of a negative

Y

SN

A 4

jumps away, then fails

m x* +x-4=0has one root q, 1.3 < a < 14.

(a) Show that it can be written as x = 5 .
x“+1

(b) Usex, , =

5 with x, = 1.4 to find x; to x,.
X"+

(c) Does the iteration converge to a? Explain.

(@) xX* +x=4 4 to the right

x(x*+1) =4 factorise x
4
X= m s (x2+1)
4 .
(b) x, = m =13514 substitute X,

X, = 14154, x,=1.3319, x, = 1.4420 ANS key: full value

(c) No. The values jump either side of o = 1.3788 and
move further away each time: it diverges.

diverges: up and down

V=X

jumps away: diverges
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D - Show that

E f(x) = x® - 3x* - 5 has one root, a. m f(x) =Inx + 2x - 5 has a root a between 2.1 and
. 5 2.2.
a) Show that =0canbe writtenasx=3+ —. .
@) Jx) x x? (a) Show that f(x) = 0 can be written as
. . 5-1
(b) Use x,,;=3+ % with X, = 3.4 to find X;, X,, Xs. X= znx .
Xn
(c) Show that a = 3.426 correct to 3 d.p. (b) Use x, , , = 5-Inx, with x, = 2 to find x,, X, X,
5 5
(a) X*(x-3)=52x-3= Z TX=3+ J (c) Show that a = 2.12 correct to 2 d.p.
factorise X2, + X2 (a) 2x=5-1Inx In x and 5 to the right
5-Inx
5 ) X= ) +2
(b) x,=3+ BT =3.4325 substitute Xo
X, = 3.4244, x, = 3.4264 ANS key: full value 5-1n2
2 y s (b) x, = Tn =21534 substitute Xo
> ] Xy = 21165, Xq = 21251 ANS key: full value
o
—_— 14
: - o A 4
F § :\
V=X :
F §
X V=X
x(l XZ xl
X1, X2, X5 close in on o
s : X
(c) Bounds 3.4255 and 3.4265: f(3.4255) = -0.00716 < O, X X, X,

X1, X2, X3 Close inon a

f(3.4265) = 0.00749 > 0
bounds: *0.0005

(c) Bounds 2.115 and 2.125: f(2.115) = -0.0209 < O,

Change of sign and fis continuous, so ] f(2.125) = 0.00377 > 0

3.4255 < o < 3.4265. So o = 3.426 to 3 d.p. bounds: *0.005

continuous = root Change of sign and fis continuous, so
215<a<2125.Soa=212to 2 d.p.

continuous = root
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The curve y = x* + 4 cos x (x in radians) has a
stationary pointatx=p3, 1.8 < § < 1.9.
(a) Show that 3 satisfies x = 2 sin x.
(b) Use x,,, ; = 2 sin x,, with x, =2 to find x;, X,, Xs.
(c) Show that 8 =190 correct to 2 d.p.

(a) % =2x - 4sinx. Let h(x) =2x - 4 sin x. differentiate

( 2x-4sinx=0=>x=2sinx J stationary: dy/dx = 0

(b) X = 2 sin 2 = 1.8186 substitute x, (radians)

X, =1.9389, x; = 1.8660 ANS key (radians)
14

X; X3 X, Xy
converges: up and down

(c) Bounds 1.895 and 1.905: h(1.895) = -0.00162 < O,

h(1.905) =0.0313 >0
bounds: +0.005

Change of sign and h is continuous, so
1.895 < 3<1.905. So =190 to 2 d.p.

continuous = root

E - Exam-style question AQA-style (AQA starts from x,). Use the mark scheme to self-assess.

@ [0 =x*-3-Inx+1),x>-1

(a) Show that f(x) = 0 has a root a between 2 and 2.1. [2 marks]
(b) Show that f(x) = 0 can be rearranged into the form x =+/3 + In(x + 1). [2 marks]

(c) Usex,,,=+3+In(x, +1) with x; = 1.5 to find x, and x,, giving your answers to three decimal places.

[3 marks]
(d) Explain why x, = -1 cannot be used. [1 mark]
(a) f(2) =-0.0986 < 0, f(2.1) =0.279 > 0 (D

Change of sign and fis continuous for x > -1, s0 2 < a < 2.1. XD

(b) x*=3+In(x+1) @D
x=+/3+In(x+1) (positive root: a > 0) XD

(c) x,=vV3+In(15+1) =1979 D
X, =vV3+1n(1.979...+1) =2.023 €D

Y

(d) In(-1+1) =1n 0is not defined, so x, cannot be found. D
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substitute both ends

continuous = root

X2 to one side

square root: x > 0

substitute x,
ANS key: full value

X1, X2, X3 Close inon a

In O: not defined
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