YEAR 12 PURE - TRIGONOMETRIC RATIOS - LESSON 7 OF 8 - WORKSHEET ANSWERS
Transforming Trig Graphs

Specification: AQA 7357: E3, B9 - Edexcel 9MAOQ: 5.3, 2.9

Youdo

A - Key features

n Describe the single transformation that maps the
graph of y = cos x onto the graph of

(@) y=cosx+3

(b) y =4 cos x
(c) y = cos(x - 50°)
(d) y = cos 3x
4 Y = €08 X,+-3* 4 y =4 cosx™
-\_/ 2\
2 e [--~x
. _-"% © 90\ ~ = 180 - = Z0° 360°
o 9()“\\\-182“‘,’270“ 00 2 \/
-2 -4
1y y = cos(x - 50°) 1y y =cos3x
1 - 1K~ -
- A \SVANVAYS
o 90°~ g8o° 270 360" O ~_ \sor/ ok 360°
-2 -2

(a) Translation by (g): up 3

sketch each pair of graphs

f(x) +d:upd

(b) Stretch parallel to the y-axis, scale factor 4

(c) Translation by (58°): 50° to the right

af(x): stretch J sfa

f(x - ¢): right ¢

(d) Stretch parallel to the x-axis, scale factor %5

’ \y+’3-
2

=~ -
~ - X

o 907 ~ _ 180°_

~

14 y = cos(x - 50°)

rd
7 210° 360°

(a) up 3 (b) stretch L x4 (c) right 50° (d) stretch <> x¥s

f(bx): stretch <> sf 1/b

4 V=4 cosx’

~< -~ 7x

o] 90\ ~ ~ 180° — — Z0° 360°
-2
-4

a For each graph, 0° < x < 360°, write down the

maximum value, the minimum value, and the
smallest value of x at which the maximum occurs.

(@) y=5sinx
(b) y=cosx +2
(c) y=-3sinx

(d) y = sin 4x
6 (90°, 5) 4
4 14 y=5sinx 5 (0,3) y=cosx+2
2 2
=TT = X 1L _
9 90° 18X~ ~ 276°- — 0 RS 7T x
o 90° ~ _ 180° _ -~ 570° 360°
4 a S0
-6 -2
6 6
14 v=_3ej )4 =i
4 (2700,33)m X 4 y =sin 4x
2 2 (22.5°1)
=TT == X "’ =~ X
o 90° 0° = 27°- ~ “360° O 0° 0° — NA60°
-2 -2
-4 -4
-6 -6

(a) y =5sin x: max 5, min -5; first max at x = 90°

sketch each graph

max =a

(b) y=cosx +2: max 3, min 1; first max at x = 0°

cos max at 0, then + 2

(c) y=-3sinx: max 3, min -3; first max at x = 270°

a < 0: max at 270°

(d) y=sin 4x: max 1, min -1; first max at x = 22.5°

6 (90°, 5)
4 y=5sinx

y )= 3 i
4 (570550 *

————— X
Ro° = = 970°— = ~360°
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max: 4x = 90°

4
(0,3) Y=CoSX +2
34
2
(1. -
S -7 X
O1 90° ~ _ 180° _ - 570° 360
-2

max and min of each graph
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Write down the period of
(a) y =sin 3x
(b) y = cos Yax

(c) y=tan 2x
(d) y = tan(x + 40°)
2 14 y=sin3x 2 4 y =cos ¥2x

1 ]
1 vy
I /
o 90”, ~180°
4
- ,
1
-4 1

an'(x +40°)
!
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\

X

2197”, ~360°
/7
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1

sketch each graph
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(a) 360° =+ 3=120° period 360° = b

(b) 360° + 12 =720° +%h=x2

(c) 180° +2 =90° tan: 180° = b

(d) A translation does not change the period: 180°

translation: same period
2

2
14 y=sin3x 14 y = cos ¥2x

periods 120°, 720° 90°, 180°

Write down the equations of the asymptotes of
(a) y = tan(x - 60°), 0° < x < 360°
(b) y = tan 3x, 0° < x < 180°

4 , L, 4
14 ,' 1 y=tan(x - 6d°)
I 1 1
2 o i f ! 2
P i , 1
- 7 X
o B0° 120 [ 1805,7540° 30051 360° O
71 A |
-2 ro 1o -2
1! IR
-4 1 | 1 ! -4

sketch each graph

(a) x-60°=90° or 270°: x =150°,330° inside = 90° + 180°n

(b) 3x=90°,270° 450°: x = 30°,90°, 150°
inside = 90° +180°n

4 ' N 4
v i y=tan(x- 60 v |
| 1 1 1 1
2 ya 1 / 1 2 1 1
. 1 ’ 1 1 1
- s X /r H
o B0°  120°, [ 1805,°540° 300 '360° O J :
71 7 1 1 1
-2 T o -2 i |
! [ 1 1
-4 1 ! 1 ! -4 ! !

(a) x =150°, 330° (b) x = 30° 90°, 150°
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B - Sketching

B Sketch the graph of y = 4 cos x for 0° < x < 360°.
Show the coordinates of the points where the
graph meets the axes and of its maximum and
minimum points.

¢ (360°, 4)
20,4
2
X
o 90 180° 0° 360°
-2
- (180°, -4) y=4cosx

draw y = f(x) dashed first
Stretch of y = cos x parallel to the y-axis, scale factor 4.
af(x): stretch { sfa
Meets the x-axis at x = 90°, 270° zeros: move each one
Maximum 4 at x = 0°, 360°; minimum -4 at x = 180°
max 4, min -4
Join the points with a smooth wave. Period 360°.
smooth wave, period 360°

: (360°, 4)
2400, 4)
2
X
(0] 360°

v=4cosx

(180°, -4)

zeros 90° 270°; max (0, 4), (360° 4); min (180°, -4)

a Sketch the graph of y = sin x + 1 for
-180° < x < 360°. Show the coordinates of the
points where the graph meets the axes and of its
maximum and minimum points.

|y
(90° 2) y=sinx+1
€0
N X
-1802 (-90° 0) 9 90° 180° (2709 0) , 860°
-1
-2

draw y = f(x) dashed first

Translation of y = sin x by ((1)) Tup. f(x) + d:up 1

Touches the x-axis at x = -90°, 270°
Maximum 2 at x = 90°; minimum 0 at x = -90°, 270°

max 2, min 0
y-intercept: put x = 0

touches at the min

Meets the y-axis at (0,1)
Join the points with a smooth wave. Period 360°.
smooth wave, period 360°

'y
(90° 2) y=sinx+1
; 0,1
X
-1802 (-90° 0) 9 90° 180° (270° 0) , 860°
-1
-2

zeros -90°, 270°; max (90°, 2); min (-90°, 0), (270°, 0)
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Sketch the graph of y = sin 3x for 0° < x < 360°.
Show the coordinates of the points where the
graph meets the axes and of its maximum and
minimum points.

14
(30°,1)

(150°, 1) (270°,1)

(90° -1)
y=sin 3x

(210°,-1) (330°,-1)

draw y = f(x) dashed first
Stretch of y = sin x parallel to the x-axis, scale factor 1.
Period 360° + 3 = 120°.
f(bx): stretch <> sf 1/b
Meets the x-axis at x = 0°,60°,120°, 180°, 240°, 300°, 360°
zeros: move each one
Maximum 1 at x = 30°,150°, 270°; minimum -1 at
x =90°,210°, 330°
max/min: move each one
Join the points with a smooth wave. Period 120°.
period 360° + 3
2

Y
(30°,1)

(150°, 1) (270°, 1)

(90°, -1)
y =sin 3x

(210°,-1) (330°,-1)

zeros 0° 60°, 120°, 180°, 240°, 300°, 360°; max (30°, 1), (150°, 1), (270°,
1); min (90°, -1), (210°, -1), (330°, -1)

Sketch the graph of y = cos(x + 45°) for
0° < x < 360°. Show the coordinates of the points

where the graph meets the axes and of its
maximum and minimum points.

2
)4
(315°,1)
1‘ (0,¥%)
X
o 450 90°~ 135° 180° A25° ,970° 315°  360°
-1
(135°, -1)
y = cos(x + 45°)
-2

draw y = f(x) dashed first
Translation of y = cos x by ('%5°): 45° to the left.
f(x + c): left 45°
Meets the x-axis at x = 45°,225° zeros: move each one
Maximum 1 at x = 315°; minimum -1 at x = 135°
max/min: move each one

. 2
Meets the y-axis at (0, 1/-T) y-intercept: put x = 0

Join the points with a smooth wave. Period 360°.
smooth wave, period 360°

2

(315°,1)
(0, %)

X
270°  315°  360°

135°

90° 180° 25°

(135°, -1)

y = cos(x + 45°)

zeros 45° 225°; max (315° 1); min (135°, -1)
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a Sketch the graph of y = tan Yax for -360° < x < 360°.
Show the asymptotes and the coordinates of the
points where the graph meets the axes.

1 ! 1 [ ! I
I : I 4 I Y = tan Yex
I | 1 1 | 1
I 1 ] 2 1 1 1
1 1 1 1 } 1
/ [ / [
/ 1, / 1 X
-360° -270 ,—'11%0 -90,7% 90 /rslo 270377360
/ 1 7 7 1 1
I 19 I 1
1 : 1 1 : 1
1 | 1 1 | 1
1 i 1 1 i 1
N _4 N

draw y = f(x) dashed first
Stretch of y = tan x parallel to the x-axis, scale factor 2.
Period 180° + 2 = 360°.

f(bx): stretch <> sf 1/b

Asymptotes (where tan is undefined): x = -180°, 180°

move the asymptotes too
Meets the x-axis at x = -360°, 0°, 360°  zeros: move each one
Each branch rises between two asymptotes, through a

zero. Period 360°.
period 180° + V2

I
tan Y2x

I
I

e ————————

-360° -270° /!1

/
I

0°

1 e —

—— i ———O

]
I
|

asymptotes x = =180°, 180°; zeros -360°, 0°, 360°
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C - Reasoning No calculator for this section.

(a) Describe the transformation that maps the

graph of y = sin x onto the graph of y = sin(-x).
(b) Use graphs to explain why sin(-x) = -sin x.
(c) Explain why cos(-x) = cos x.

2y,
y = c0s(-X) =cos X

2
14
(-90°, pl Y
/N N\ /s
fav\r 9 00 %0©  -360° W 0 180" /3600
29 -1
(90°, -1)

_2| -2

=sin(-x)

sketch both graphs

(a) Reflection in the y-axis. f(-x): reflect in the y-axis
(b) Reflecting y = sin x in the y-axis sends (90°, 1) to
(-90°, 1) and (-90° -1) to (90° -1): the same graph as
reflecting it in the x-axis, y = -sin x.

same graph as -sin x

(c) The graph of y = cos x is symmetrical about the y-

axis, so reflecting it in the y-axis changes nothing.
cos: symmetrical in the y-axis
2
I

2y,
(-90°, ,P Y = c0s(-X) =cos X

/N N\ A\ / x
—3Vo*’ OI\/(G" %0°  -360° \-180° O‘ 180° /3600
z -1

-2 -2

Y y=sin(-x)

sin(-x) = -sin x; cos(-x) = cos x

m The graph of y = sin x can be translated onto the
graph of y = cos x.
(a) Write down a translation vector that does this.
(b) Write down a different translation vector that
also does this.
(c) Hence write cos x in the form sin(x + ¢).

)4
(0,1 (360°, 1)
/\ /\X
-90° Q 9 1808 0° 360° 450°
-1
Yy = COS X

sketch both graphs

(a) The maximum of sin x is at 90°; the maximum of
cos x is at 0. Move 90° left: (_%0 )

match a max point

(b) Or move 270° right, to the next maximum at 360°:
(270°)
0

(c) cos x = sin(x + 90°)

+ one period

f(x + c): c to the left

)4
(0,1 (360°,1)
X
-90° 0 9 180¢ 0° 360° 450°
-1
y=cosx

cos x = sin(x + 90°): max 90° - 0
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Use sketches to find the number of solutions of
(a) sin 2x = 0.4, 0° < x < 360°
(b) tan 3x =1, 0° < x < 180°.

sketch both graphs

(a) y=sin 2x has period 180°: two waves in 360°.
period 360° + 2
The line y = 0.4 crosses each wave twice: 4 solutions.
2 per wave

(b) y=tan 3x has period 60°; asymptotes at 30°, 90°,
150°: three branches cross y = 1 (one more would start at

180°, outside).
period 180° + 3

3 solutions. one per branch

1 rn I
I 7 1

1 4 1
1 1
!

2 4
)4 4 I
1
WO fONC 22 g AL
- Ry A N -1 X

1 |
" S oo A o
1 1 47 1
1 if , 1
1 1 1
1
| 1 ’ |

(a) 4 crossings (b) 3 crossings

D - Finding constants - combined Question 15 combines transformations: A-level content for AQA

transformations (extension at AS).

m The graph shows y = a cos bx, 0° < x < 360°, where a and b are positive. It passes through (0, 5) and its first

minimum point is (60°, -5). Find a and b.

o ° 120° 180° 240° 300°
-2
-4
-6 (60°, -5)

The maximum value is 5, soa =5
From the maximum at O to the minimum at 60° is half a wave: period 120°.
360° + b =120°, so b = 3. Check: 5 cos(3 x 60°) =5 cos 180° = -5 v

6 (y0, 5) (1200, 5) y=>5cos 3x

4

2

X

0 60° 120° \ 180° [ 240° \ 300° [ 360°
-2
-4
-6 (60°, -5)
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6 (yo, 5) y =acos bx
4
2
X
60

max = a
max to min: half a period
period 360° + b

a =5, b = 3:period 120°
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m The graph shows y = sin(x + k), -360° < x < 360°. It meets the x-axis at —220° -40°, 140° and 320° and is
increasing at —40°.
(a) Find k, given that 0 < k < 360°.
(b) Give a different value of k that gives the same graph.

2
14 y =sin(x + k)

140° 320°
80° 270°

-360° -270° 90°

(a) sin crosses zero going up at 0°, so -40° + k = 0. sin: rising zero at 0°

k = 40°. Check: 140° + 40° = 180°, a zero v solvex +k =0

(b) Adding a period gives the same graph: k = 40° + 360° = 400° (or 40° - 360° = -320°). + one period
2

Y y=sin(x + 40°)
50°,1)
1

/X k = 40°: the graph of sin x moved 40° left
90° 80° 270°/ 360°

-360° -270°
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G Extension: combined transformations. For the
graph of y =2sin 3x + 1, 0° < x < 180°:
(a) describe, in order, the three transformations
that map y = sin x onto it
(b) sketch it, showing the coordinates of its
maximum and minimum points and of the point
where it meets the y-axis.

1y
(30°,3) (150°, 3)
2
y (0,1
X
o 30° 60° 90° 120° 150° 180°
-1
(90°, -1 y=2sin3x+1

-2

draw y = f(x) dashed first

(a) Stretch of y = sin x parallel to the x-axis, scale factor
Y5, Period 360° + 3 = 120°.
f(bx): stretch <> sf 1/b
Then a stretch parallel to the y-axis, scale factor 2.
af(x): stretch { sfa

Then a translation by ((1)): Tup. f(x) + d:up 1

(b) Maximum 3 at x = 30°,150°; minimum -1 at x = 90°
max 3, min -1
Meets the y-axis at (0,1) y-intercept: put x = 0
Join the points with a smooth wave. Period 120°.
period 360° + 3

1y
(30° 3) (150° 3)

(0,1

X

o 30° 60° \937 1200  150°  180°
-1

(90°,-1)  y=2sin3x+1

max (30°, 3), (150°, 3); min (90°, -1)
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E - Exam-style question Use the mark scheme to self-assess.

(a) Sketch the graph of y = sin(x - 45°) for 0° < x < 360°. Show the coordinates of the points where the graph

meets the axes. [3 marks]

(b) Write down the coordinates of the maximum and minimum points. [2 marks]
(c) State the number of solutions of sin(x — 45°) = 0.8 for 0° < x < 360°. [1 mark]

y =sin(x - 45°)

(135°,1)

X

] 5° 90°  135° 180 22 270°  315° 360°
S P
[ ~ .1
-1] (0, -v%2) S~
(315° -1)
-2

(@) x=0:y=sin(-45°) = —Jz—z. Meets the y-axis at (O, -%) (B1]

Zeros where x - 45° = 0°,180°: (45°, 0), (225° 0) @D

A sine wave moved 45° right, through these points. D

(b)
Min

(c) The line y = 0.8 crosses the wave twice: 2 solutions. ()

2

Maximum where x - 45° = 90°: (135°, 1) D
imum where x - 45° = 270°: (315°, -1) D

y =sin(x - 45°)

(135°,1)

X
270°  315° , 360°

(315°, -1)
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draw the axes: mark the interval

y-intercept: put x = 0

f(x - 45°): right 45°
correct shape

max: inside = 90°
min: inside = 270°

count the crossings

max (135° 1), min (315°, -1); y = 0.8 twice
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