YEAR 13 PURE - TRIGONOMETRY AND MODELLING - LESSON 7 OF 8 - WORKSHEET ANSWERS

Proving Trigonometric Identities

Specification: AQA 7357: E8, E6, ES5 - Edexcel 9MAO: 5.8, 5.6, 5.5

Youdo

A - One or two steps Prove each identity.

n (a) Sl,n—2X52cosx

Sin X
(b) cosx+1 Ccos X
2 cosx
(a) LHS = % sin 2x = 2 sin x cos x
=2cosx = RHS cancel sin x
(b) LHS = % cos 2x = 2 cos3x - 1
= 22(:::;( =cosx = RHS cancel 2 cos x

(@) sin2xtanx +cos 2x=1
(b) 2 cosec 2x - cot x =tan x

. sin x
(a) LHS =2 sin x cos x x
COsS X

+ (1 - 2sin’x)

double angle; tan = sin + cos

=2sin’x +1-2sin’x=1= RHS cancel cos x; collect

2 COos X 1 cos X
(b) LHS = —— -—_— == - =
2sin x cos x sin x sin x cos x sin x
cosec = 1/sin; double angle
1- cos’x )
= —_ common denominator
SIn X COS X
2
sin“x
= ———=tanx = RHS sin? = 1 - cos?; cancel
sin x cos x

B - Several steps Prove each identity.
n cot x — cot 2x = cosec 2x

cos X cos 2x 2 cosx cos 2x
LHS = — - = = - - =
sin x sin 2x 2 sin x cos x sin 2x
common denominator sin 2x
2 cos?x - (2 cos®x - 1) 1
= - = — double angle: cos form
sin 2x sin 2x

= cosec 2x = RHS 1/sin = cosec

a cosx+sinx _ 1+sin2x
cos x - sin x cos 2x

Multiply top and bottom by (cos x + sin x).
s 2
Cos X + sin x
LHS = ( - ) -
(cos x — sin x)(cos x + sin x)

cos?x + 2 sin x cos x + sin%x )

= 5 — expand; difference of squares
cos“x - sin“x
1+sin2x

= ———=RH
cos 2x S

x (cos x + sin x)

top and bottom

sin? + cos? = 1; double angle

2 sin x cos x

a (a) ———— 5 =tan 2x
cos“x - sin“x
1- cos2x
— > =tan’x

1+ cos 2x

(a) 2 sin x cos x = sin 2x and cos?x - sin’x = cos 2x
double angle backwards
sin 2x

0S 2X
(b)1-cos2x=1- (1-2sin%x) = 2 sin’x;
1+cos2x=1+(2cos?x -1) =2 cos’x
double angle: top and bottom

LHS = =tan 2x = RHS sin/cos = tan

_ 2sin’x

LHS = — = tan%x = RHS sin?/cos? = tan?
2 cos“x
2
B LXZ = sec 2x
2 - sec°x
1

Multiply t tt 2% LHS = ————

ultiply top and bottom by cos“x S T oo~ 1

x cos?x top and bottom
1
= =sec 2x = RHS
cos 2x

double angle backwards
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C - Prove or disprove
Prove or disprove: (sin x + cos x)? = 1.
Try x = 45° (% + %)2 =(V2)?=2=1

test a value

( False. In fact (sin x + cos x)? =1 + sin 2x. ]

counter-example

a Prove or disprove: tan 2x = 2 tan x.

Try x = 30° tan 60° = V'3 = 1.73, but 2 tan 30° = 2 1.

V3

test a value
counter-example
D - Addition and triple angles

m Use cos 3x = 4 cos®x - 3 cos X to prove

that cos 3 =2cos2x - 1.
CoS X Top
4 cos®x -
LHS=M=4C082X—3 +COS X
cos X

=2(2cos’*x) -3=2(cos2x +1) - 3

cos 2x = 2 cos®x - 1

=2cos2x-1=RHS simplify
LHS =
Prove that
4 sin(x + 30°) sin(x - 30°) =1 - 2 cos 2x.
LHS

—4(“51 L1 )(JE . 1 )

= 5 Sinx+ < cosX)(——sinx - - cosx
addition formulae; exact values

3 1
=4( T sin’x - T cos®x) = 3 sin’x - cos?x
difference of squares
=3sin’x - (1 - sin?x) = 4 sin?x -1 sin® + cos? =1
=2(1-cos2x) -1=1-2cos2x = RHS

double angle: sin form

Bottom
= (cos A cos B - sin A sin B) + (cos A cos B + sin A sin B) = 2 cos A cos B

2sinAcosB _ sinA

a Prove or disprove: cos 2x =2 cos x - 1.

Try x = 60°: cos 120° = —%, but 2 cos 60° -1=0.

test a value

False. (It does work at x = 0° and 90°, so choose your
test value with care.)

choose with care

m Prove that sin(A+B) +sin(A-B) _ tan A.

cos(A + B) + cos(A - B)

= (sin A cos B + cos A sin B) + (sin A cos B - cos A sin B) =2 sin A cos B

addition formulae; collect

addition formulae; collect

=tan A = RHS

"~ 2cosAcosB  cosA

cancel 2 cos B; sin/cos = tan
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E - Exam-style question AQA-style. Use the mark scheme to self-assess.

m (a) Show that

(a) LHS =

(b) Hence solve

cos’0 - sin’6

cos 20
cos 6 + sin 6
cos 260
cos 0 +sin 0
(cos 0 - sin B)(cos O + sin 0)

[ M1 ]

=cos 0 - sin 0. [2 marks]

cos 0 +sin 0

=cos 0 -sin 0 X

cos 6 +sin 0

(b) cos 6 - sin 6 = 0.5: V2 cos(6 + 45°) = 0.5 @D
cos(0 + 45°) = 0.3536; 45° < 0 + 45° < 405° @D
0 + 45° = 69.30°, 290.70° €D

0 =243°,2457° D
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= 0.5 for 0° < 8 < 360°. Give your answers to 1 decimal place. [5 marks]

difference of two squares

cancel
R-form
+ R; shift the interval

calculator; 360° - x

neither makes cos 6 + sin® =0

check: 2 crossings
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